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Abstract

UES

In this section we discuss the stability of classical solutions of nonlocal gravity. We consider a special
class of nonlocal theories that admits all the maximally symmetric and Ricci-flat vacuum solutions of general
relativity with and without cosmological constant, and show that such solutions are as stable as in Einstein’s

theory. This implies the stability of the Minkowski spacetime, black hole solutions and gravitational waves.
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Introduction

515

The study and characterization of classical solutions of nonlocal gravitational theories is an important
task; see [1] for a review of nonlocal gravity. In fact, although nonlocal models are designed to find a way out
to the quantum-gravity problem, so that one expects them to be relevant in the quantum-gravity regime, one



has to pay attention to the properties of classical solutions, which describe the universe from cosmological to

solar system scales.
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Indeed, nonlocal gravity must be renormalizable at quantum level, and it must also have classical solu-
tions that agree with astrophysical and cosmological tests of gravitation. Since Einstein gravity is quite suc-
cessful as classical model of gravitational interactions, one way of proceeding to formulate a viable nonlocal
quantum gravitational model is to require that the new theory must encompass all the relevant classical solu-
tions of general relativity, as black holes and gravitational waves among others. What is more, these solutions

must be stable.
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For instance, one can build nonlocal gravitational models in such a way that all the vacuum solutions of
general relativity without a cosmological constant, i.e., Ricci-flat spacetimes, are also solutions of the nonlocal
theory. In doing so, one automatically includes the Minkowski spacetime, gravitational waves and black hole

solutions. This is the case of the following minimal nonlocal action
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where R, R v s
action includes a generalized potential V (R) which must be at least cubic in the Ricci scalar and Ricci tensor

and G,y are the Ricci scalar, Ricci curvature, and the Einstein tensor, respectively. This

for our purposes. In this notation, R stays for Ricci scalar, Ricci tensor, and their covariant derivatives. The
nonlocality is encoded in the form factor y ((]) , which ensures the quantum renormalizability and unitarity
of the model, as discussed elsewhere in this book; see also [1, 2]. This operator depends on the non locality
length scale ¢ = \/E and the covariantd’ Alembertian [] = V4V u»anditis defined as
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where f (z) is an entire analytic function without zeros at finite complex z , e.g., f (z) = exp [H (z)] with

polynomial H (z) . This requirement on the form of f (z) ensures that the theory is unitary; see [2].
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The classical equations of motion, which are the nonlocal generalization of the Einstein equations, are

obtained by variation of the action (1) with respect to the metric tensor g, and read
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where T, = (2/ \/—8)8Sm/8 8w is the matter stress-energy tensor, ¢ is the speed of light, and Gy is the
Newtonian constant of gravitation. For Ric we mean Ricci scalar and Ricci tensor, while Q, (Ric) is a sum of
terms at least quadratic in Ric (this assumption will be crucial in what follows), e.g.,
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We omit the derivation of equation (3), which can be found in Reference [3]; see also [4] for the formula-
tion of the nonlocal theory “a la Palatini”. However, it is straightforward to recognize that Ricci-flat solutions
of the Einstein equations in vacuum, namely spacetime metrics satisfying the equation R,,,, = 0, are also
solutions of the modified Einstein equations (3) in vacuum, i.e., for T, = 0. These include the Minkowski

metric, the Schwarzschild and Kerr black hole solutions, and gravitational waves among others.
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The question whether classical solutions are stable or not in the framework of nonlocal gravity arises
naturally, since only stable solutions have physical relevance. Such a question is hard to answer for the general

class of nonlocal theories of gravity. However, in some special cases it can be proved that some of the solutions



of the nonlocal modified Einstein equations are stable. Fortunately, these turn out to include the relevant

solutions of general relativity, that is, Minkowski spacetime, black holes, and gravitational waves.
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For instance, for the model defined by the Lagrangian (1), one can prove that the Minkowski spacetime
is stable under small perturbations. This also implies the stability of gravitational waves. However, it is very
difficult to say something about the stability of other Ricci-flat solutions, e.g., black holes. To circumvent this
difficulty, one can generalize the nonlocal action (1) as in (35). The new theory, which includes a cosmological
constant A, has all the Ricci flat (for A = 0 ) and maximally symmetric (for A # 0 ) solutions of the Einstein
equations in vacuum. Moreover, such spacetimes are as stable as in general relativity. Indeed, if a maximally
symmetric or Ricci-flat solution of the Einstein’s theory (with or without a cosmological constant) is stable,
it is also a stable solution of the nonlocal theory (35). This implies, for instance, that black hole solutions are
stable in the nonlocal model (35).
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To give an explicit example of how these results can be proved, in the following sections we will show that
the Minkowski spacetime is a stable solution of the model (1). Indeed, in section ”Stability of the Minkowski
Spacetime in General Relativity” we will review the stability theorem for the Minkowski spacetime in general
relativity. Then, in section ”Stability of the Minkowski Spacetime in Nonlocal Gravity” we will generalize
this theorem to the case of nonlocal gravity (1). To conclude, in section "Generalization to Ricci-Flat and
Maximally Symmetric Solutions” we will discuss the stability of Ricci flat and maximally symmetric solutions
of the nonlocal model (35).
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Stability of the Minkowski Spacetime in General Relativity
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The stability of the Minkowski spacetime in general relativity has been established long time ago [5,6]. In
this section we will review this result, introducing the notions of Strongly Asymptotically Flat (SAF) condition
and Global Smallness Assumption (GSA) of initial data sets, and stating the stability theorem.
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Letus consider a globally defined differentiable function r whose gradient D7 is everywhere time-like. We
call 7 a time function. The level surfaces of 7 give a foliation of the spacetime )’ . Indeed, the spacetime can be
parameterized by the points of a slice ZTO by following the integral curves of D7, so that it is diffeomorphic to
the product manifold Rx Y, . In the coordinate system (7, &) constructed in this way, where & are coordinates

over the slice Z _ the metric takes the form
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ds? = ¢* (1, &) de* + x5 (1, §) dE'dE/, (5)

with x;; (7,€) a 3 x 3 Riemannian metric. We also define the following quantity, corresponding to the

extrinsic curvature of the leaves )} _as
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xij = (2¢) 0.1 (6)

An initial data set for the Einstein equations is given by a set (Z e K) corresponding to the initial

conditions at some time 7, . We define the class of initial data satisfying the SAF condition as follows:
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Definition 1. The initial data set (ZTO X ‘K) satisfies the Strongly Asymptotically Flat (SAF) condition, if

3
there is a coordinate system (£, &2, &%) on ), -, Such that, asymptotically for |§ P=3 (¢ i)z — oo one has
i=1
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where a function is said to be 0,,, (§7) if 3'f (§) = 0 (r—”—l) for |§|2 NV
HAPFR—1RECE 0,, (€7, £ |§'|2 — oo IR OLf (€) = O(r_"_l) .

In order to express the GSA, we define the following quantity:
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where d (&) = d (§,, £) is the Riemannian geodesic distance between &, € Y. -, and te) 7, - Moreover,
the curvature Rg) and the covariant derivatives are constructed with the 3-metric x;; , and B;; is the symmetric

and traceless 2-tensor
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Now we can give the following:
PRETRATTA] PAZA Hh:

Definition 2. The metric y;; satisfies the Global Smallness Assumption (GSA), if there is a sufficiently
small positive parameter u such that

TN 2. BB y; TR BRI/ IMRIZ (GSA), BHFE— BB/ NIESE u 15
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The stability of the Minkowski metric in general relativity GR is stated by the following:
J S IE (GR) FR X FREE R AARRUE M AT BRI A T

Theorem 1. Any SAF initial data set which satisfies the GSA leads to a unique, globally hyperbolic,
maximal, smooth, and geodesically complete solution of the Einstein vacuum Equations foliated by a normal,

maximal time foliation. Moreover, this solution is globally asymptotically flat.
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Therefore, the SAF condition and the GSA define the class of small perturbations under which the
Minkowski metric is stable. We remind that a globally asymptotically flat spacetime is such that its Riemann
curvature approaches to zero on any geodesic, as the corresponding affine parameter goes to infinity. It is
also worth pointing out that, as a matter of fact, this is an existence theorem. In fact, it states that there exists
a u such that, if the initial data satisfies the SAF condition and the GSA for such a u , the metric (5) has a
regular evolution. However, nothing is said about the size of u nor about how it can be estimated. Finally, we
emphasize that this theorem defines the conditions under which gravitational waves are stable, as they are
nothing but small perturbations of the Minkowski spacetime in vacuum.
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We are now ready to prove that the Minkowski spacetime is a stable solution of the modified Einstein
equations (3) in vacuum. Our strategy, which is based on Reference [7], consists in proving that the evolution
of small perturbations of the Minkowski metric in the nonlocal theory (1) is the same as in general relativity.
Thus, we conclude that such small perturbations are stable if they are stable in Einstein’s theory, that is, if

they satisfy the hypothesis of Theorem 1. Indeed, we can enunciate the following:
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Theorem 2. Any SAF initial data set which satisfies the GSA leads to a unique, globally hyperbolic,
maximal, smooth, and geodesically complete solution of the equations (3) in vacuum, foliated by a normal,

maximal time foliation. Moreover, this solution is globally asymptotically flat.
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To begin, we set Ty, = 0 in (3) and we consider small perturbations A, of the Minkowski metric 7, ,

ie.,

B2, BAWENRE Q) IR T, =0, HH BRI n,, (V/NF by, , B

8uv = Nyv + €hyy, With |eh, | < 1, (11)



where € « 1 is a small dimensionless parameter. By means of (11) we can expand all the relevant quan-
tities in power series in € and solve (3) perturbatively. In such a way, we can show that the equations (3) in
vacuum are verified if and only if the Einstein’ s tensor G,» vanishes at any perturbative order in € . That
means that g, in (11) is a solution of the nonlocal vacuum Einstein equations (3) if and only if it is a solution
of the vacuum Einstein equations G, = 0 . Thus, the dynamics of ,, in vacuum in the nonlocal model (1)

is the same as in general relativity.
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We start expanding h,,,, and then the Einstein’ s tensor G, in power series in ¢ , namely

BATEICR hy,,, WRTT, ZJEFEXNERAHIKE G, 1% ¢ RHESRTF, H:

[oe]
= > e"hi) and Gy (gu) = Z "Gy, (12)
n=0

The reader can find examples of perturbative expansions based on (11) in general relativity textbooks, e.g.,

see [8]. The convergence of (12) and other perturbative series used below, which is essential this approach,

will be discussed later. Notice that the leading contribution to the Einstein tensor is of order € because Gi?g =

Gy (n) = 0. Similarly, we can expand the covariant derivative as

B ] DMET SRRSO FRER BT (1) KBIRLRITRGI, BlanZ ISR (8], (12) A X
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, % HITEHK B R GUCK TR ¢ o [, BATR] DOR baE SR TN

Z v = Oq + Z € V(n) (13)

where we have shown explicitly only the first term Va = 0, , since the other terms will not be needed.
We can define and expand the following differential operator that appears in (3)

T eSS REHM, BITXENERETHE TV =6, o TATATLU (3) R BN
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A,uvcxﬁ = (g,uvvcxvﬁ’ - goc,uvﬁ’vu)yq:‘) = Z EnAEﬁ;)aﬁ
n=0
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O© = 793,4, (15)

is the zeroth order expansion of the d’Alembertian operator. We also define and expand the following

differential operator, also appearing in (3)
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From the definitions and expansions (14) and (16) it follows that

HE AR 14) 5 (16) A f5:

00 n-—1
_ 0
A,uvaﬁGaﬁ = Z e" Z ASZ;{%G(H map = EAEuzaﬁG(l)aﬁ
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+e2 (A, s GO + AL GV 1, (17)
and
H

[+ n—1

Ji(m) GoB = Z eh Z f(m)G(n—m)aﬁ = f(O)G(l)ocﬁ
n=1 m=0
+e2 (fOGPDF 4 fOGWR) 4 . (18)

Let us consider the operator Q, (Ric) and express it as

BUESIERAT Q, (Ric), KHFRN:

o0 (o]
Q(RiC) = . Cyy 0 (DMRIC)(DRIC)+ Y. Cyypyins0° (DMRIC)
nl,nZ:O nl,nz,n3:0
(D"™2Ric) (D™ Ric) + ..., (19)

where Ric is the Ricci scalar or the Ricci curvature, ¢, ,, n, are dimensionless parameters, and the dots
indicate a sum of terms of order higher than third in Ric. Moreover, D is a short notation for some operator.
For instance, D can represent the contraction of some indices, or it can be a differential operator, e.g., D = o]

. Note that we have omitted indices in (19). We can expand D and Ric in powers of € as

10



Hrh Ric BEAFFRSEFUR, o, EERASE, BTN Ric FET =2, 1
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D= ¢"D™, Ric= Y e"Ric"™, (20)

n=0 n=1

where we have used the fact that Ric® (n) = 0. From Equation (19) it follows that if Ric® = ovk < n,
then one has Ric = O (¢") . Moreover, by means of (20) one has D = O (1) , so that

HAFATHE 7458 Ric® () = 0, HIRX 19) A8, #& Ric® = ovk < n, WA Ric = 0(e"), It
A, FHRX 0)FIfED=0(1), Kt

Ric® = 0 Vk < n= Q, (Ric) ~ &2". (21)

Finally, the Bianchi identity can be expressed perturbatively by the means of (12) and (13) as

&a, AR ] DU (12) 1 (13) Tl st

00 n—1
0= VoG =3 " > vEGr=-map = ¢5, GMB

n=1 m=0

+82 (3,69 + VG 1 0 (). (22)

Now we are ready to solve (3) perturbatively. At the lowest order ¢ , Equation (22) gives d,GV* =0,
which also implies:

WAEBMTCER] PO (3) HEATHINRIR T, BB e T, K (22) &t 6,6V =0, HIHIERESFE:

A/(fgoc,@G(l)aﬁ & (nuvaaaﬁ - naya,@av) V(D(O)) GV =0, (23)

where we have used the fact that the operator y ((]®) commute with the ordinary derivatives d,, . There-
fore, the operator in (17) is null at order € . Moreover, since GE?,} = 0 implies Ric® = 0and Ric =0 (¢) , from
Equation (21) we see that the term Q, (Ric) is at least of order 2 , hence it does not contribute to the equations

at the order € . In conclusion, in vacuum and at first perturbative order ¢ , Equation (3) reads

HAFRA RS T HA y (O©) 5% 58S 6, MBHMER, Fitt, R 17) FOERTE  HuE, it
b, BT GO = o AT Ric® = 0 fl Ric = 0(e), MR (21) AT, T Q, (E#H ki) B2 2 M
(r), EULEX e MlpREaT, 4L, EESh—NMte T, XE)A5H

f(ed®) G =o. 24

Later on in this section, we will prove that the operator f (D(O)) is invertible. We can use this fact to infer

that this equation admits the unique solution

11



AT ESBMNSUEAER f(OO) ZrlHR, FATTA] DO A IZES e HE XD 77 REE 7R ME—fiR:

Gl = (25)
Therefore, our perturbative analysis of (3) at order ¢ led us to conclude that the first perturbative term

(1) 5 of the Einstein’ s tensor must vanish.

R, AT (3) 1E e BB T AT DAFHE510: B AR — MR Gl BTN E,

At second order €2 , using the Bianchi identity together with GW =0, one can show that 3,G®% =0,

which in turn gives

Zfr 2 R, SEHZEESERS Gl =0, ALK 6,GP% =0, HILAE

A 5GP o (100405 — 1audpdy) 7 () G4 = 0. (26)

This equation implies that A ;43 G%B vanishes at order £2 (see Equation (17)). Moreover, G,w = 0 implies
that Ric” = 0, indeed from Equation (21) it also comes that Q, (Ric) ~ &*. Thus, at order 2 Equation (3)

reads

BITIERI Ayeg G TE 2 AT (MK (17)s AN, Gl = 0 ATHEH Ric® =0, SEZBR EM (21)
IERETSE] Q, (Ric) ~ et o HlIt, fE2BTFR(3) AIEH

f(e®)6% =o, 27

which implies that G = 0, due to the invertibility of f (o[]®).
T f (o) A3, HILAE 6B =

These results are generalized to any order in ¢ so that, one concludes that Equation (3) implies that
G;ﬁ,) = 0,Vn > 0. This can be proved by induction showing that, if G,w = 0,Vm < n, then, Equation (3)
implies G("H) = 0. Indeed, if GL"J = 0 the Bianchi identity (22) gives 3,G"*V% = 0, which implies, by
the means of (17), that AMwﬁG"‘ﬁ ~ g"*2  Moreover, since G%) = 0,Vm < n implies Ric™ = o,Vvm < n,
Equation (21) tells us that Q, (Ric) ~ ¢+ . Finally, using (18) we conclude that at the order ¢"*! , equation
(3) turns into f (o[J©) G("H) = 0, which implies G("H) 0.
XEELE AT ¢ IR, HIATER 3) a6 = o,vn > 0. izmuﬁﬁuazmmaﬂ:
o =0,vym < n, WK Q@) AN G =0, L, #Hcolw =0, HERESER 224
H 9,6 = ¢ ,n:ﬁﬁ (17) AR AppgG®P ~ en+2 o IthAh, 1T G(’”) = 0,Ym < n AJ#EH
Ric"™ =0,vm<n, R (21) ﬁﬁﬁ Q, (Ric) ~ 2™+, E‘}:, R 18) BATAIE, £ B, K
@) FHLN £ (oO®) G =0, ittt GO =
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Summarizing, we have proved that Equation (3) implies that it must be Gﬁlv) = 0. This, by means of
Equation (12), implies that the Einstein’s tensor built with the metric (11) must vanish at any perturbative

order in ¢ , namely

g b, RATESIERIR (3) RIRAE G = 0. LA (12) W13, MM (11) Mshy 2
RTE ¢ ERMIRIN LA E, B

o0
Guv (8uv) = Guo (v + €hyy) = Z E”fov) =0. (28)
n=1

Notice that the inverse implication is straightforward, since G, = 0 implies that (3) is automatically
satisfied in vacuum. Thus, equation (3) is satisfied by the metric (11) if and only if the vacuum Einstein
equations Gy, (gw,) = 0 are satisfied. This implies that the dynamics of the small perturbations h,, of the
Minkowski spacetime in the nonlocal gravitational model (1) is exactly the same as in Einstein gravity. Indeed,
the conditions for the stability of h,, in the model (1) must be the same as in Einstein’s gravity. This proves

the Theorem 2.

RS EEEN: KN G, = 0 RIHAX Q) EEEFEZNAZ, Fit, M Q1) #EX (3) 4
HMNEEZZREIETE Gy (8uy) = 0 KL, XWPAEIERERS IR (1) o, B RNZ=/NMsh
hy IS ZRABEG R 28 B, B Q)% h,, IR AFS ZREE e
A, FIESERR T EEE 2 HIIERA,

We can now prove the invertibility of the operator f (cr[l(o)) . This is a consequence of the requirement
that f (z) is an entire analytic function with no zeros at finite complex z . We remind that such a requirement
is needed in order to ensure that the theory (1) is unitary. Under such hypothesis, we can expand f (¢c[J®) in
power series of o , so that the Kernel of such operator will be given by the solutions of the following equation

BATBERT DUEISIAS £ (001©) RADEI, X2 f (2) NERE 2z Tl L TE SO R H0x—
TRAIEE, BAVAE, X Bk REIEIEE (1) L EENBERIE, EXBIEF, BRI
£ (6010) BFFN o MRGAL, RIZEITHRE T RIS

FEO9)g =Y ex(@®)'o"¢ = 0 29
n=0

with ¢o # 0. Since (29) is analytic in o , it must vanish at any order, i.e., it must be (|:|(0>)n¢ =0,Vn>0
, which implies that ¢ = 0. Therefore, the operator f (¢c[J) is invertible because it is linear and its kernel is

the zero function. An equivalent proof can be given using Fourier transforms, writing

HH co # 00 HTR (29) 7 o WIEHT, TEEBEMEBLANE, BELH (O9)'¢=o0,n>0,
XEWE ¢ =0, B, BT f(oO®) ml¥, FKOVERERIER BHBONZ R, TATHAT DA HE
HMA e HAEFMIER, 51

4 —~ .
f@ﬂ%ﬂ@=fg;ﬂwWMWWW (30)

T
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where $ (k) is the Fourier transform of ¢ (x) . Since f (z) has no zeros for finite z , one has f (—akz) #
0,Vk? < oo, and the equation f (o[]®) ¢ (x) = 0 has the only solution ¢ (k) = 0, thatis ¢ (x) = 0.

Het @ (k) 12 ¢ (x) MRS, BT f(2) EAR z 0 HEZ A, 715 f(—ok?) #0,Vk?> < o0, H
2 f (o) ¢ (x) =0 IEM—E (k) =0, Al¢(x)=0,

We stress once more that the invertibility of the function f (z) is crucial for our result. In order to better
understand this point, let us consider a function f (z) with a root of order ¢ € IV in z = m? . Equation (24)

becomes

BATFEUERE, FH f (2) AR RINNEE SR EE, T B — s, RITEE—
ME 2 = m? WAFTE g € N IO F (2) o R 24) N

f (00 Giuo = [Z cn(aD“”)"] @ -m)'ci =0, (31)
n=0

which has non null solutions corresponding to the solutions of the equation ((J® — mz)qG% =0.
Therefore, if the function f (O‘D(O)) were non invertible, we would have solutions with GEB # 0, and the

implication in (25) would not be valid.

SR EIRER, MR (OO0 - m?) 6 = 0 (R, FIt, WRES f(oO©) R, i
SFIEAE GO # 0 1R, 2 (25) I SRR T o

We can now discuss the validity of the perturbative approach used in the derivation of Equation (28). This
is based on the assumption that the metric tensor, and all the tensors constructed with it, can be expanded in
the quantity |£h,w| < 1, and that this expansion remains valid after the initial time. The GSA assumption
implies that, at the initial time, the metric (11) must satisfy the condition (10) for a sufficiently small u , which
implies that ¢ must be sufficiently small. Thus, we can take € small enough in order to guarantee that (10)
is satisfied and all the series expansions in ¢ are convergent at the initial time. As a consequence, equation
(28) will be valid in a neighborhood of the initial time, where the evolution of h, in the model (1) is the
same as in general relativity. This implies that the small perturbations cannot grow too much and break the
perturbative expansion in ¢ , otherwise they would be unstable in Einstein gravity. Indeed, our perturbative
scheme must always be valid after the initial time. We also mention that in [6] it has been shown that, in
the harmonic gauge and for asymptotically flat initial data satisfying the global smallness assumption, the
solutions of the vacuum Einstein equations converge asymptotically in time to Minkowski spacetime; and
more precisely it has been shown that |h/w| < t7!n (t) converges asymptotically to zero. We also stress that
the initial asymptotic flatness condition implies that the initial perturbation hy, (to, 55) is thickened into a
certain volume, and far from that region, i.e., for |5c’| — o0, one has h/w (to,)_c') — 0. On the other hand,
the asymptotic behavior h,,, ~ t~11n (¢) for large times means that the perturbation hy, will be dynamically
spread in all the space, to end up with the Minkowski metric. This supports our conclusion that all the series

expansions in |£hm,| converge, since they are convergent at the initial time.
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BATEULE T DA e HE 782 (28) I AR 7 EE ROk e, 2677 BEE T DA R R I AT 7
B RS R T DM |ehyo| < 1 BT, ERBIFEMIAR A2 S IR EY. GSA IR,
TEOIARTZ], BEWE (11) RIS (10) M T IR5/INK 1, IXEERE ¢ MAUEIS/, FIE, TfTm
DUEHUR BN ¢, DAMRIE (10) RSz, ALAFEXT & RGBURITLE DA ZIER R IO, HHLTiE,
7712 (28) EVMARTAINISBIRATE R, IR (1) 7 by, BOWEAL 57 SURRHE FBBAL — 50, IR
B NRET R 2 B K TR 6T € ROBURIEIF, AN IEE RITEE kR R RE R, 5%
b b, BRI BRHEARE BIRAR 212 JE AR A, TR, SOk [6] TUEH, 1514
R, AT R RO E T AR, BB R TR AR RN I M0 R e ST i
FAS; BRI, TBIEY hy| < ' In (0 WREKSCT %, BATESRE, MHANHE TS
FAVREIIAIRE hyy (1o, F) SEFFTERAMARIA, STEZXBUN, BT %] » 0o, B hy (f, %) = 0
o B 77, KR REEDEITN hy ~ " In () KB b, SEN Y RN 20, B
ST T R, X2 T RO BRI X T [eh,| FCSURTFHENIAR 2L, TR
TATBLIER,

We also emphasize that the fact that Q, (Ric) is at least quadratic in the Ricci scalar and Ricci curvature
is pivotal in our derivation. To clarify this point, let us consider the following equations of motion:

PATEZE P, Q, (Ric) /D2 HATAREA HAr R A IR — =, ZERNESAZL. EHA
X—m, BB EN Tz

f (o) Gy + (g,uvvotvﬁ - goqzvﬁvv) y4(m); G = IR yrp0 i (32)

which is (3) with the replacement Q,,, = —0R7,sR0 - . Terms of this type have not been considered in
the previous discussion, since they spoil our result, as discussed below. The perturbative expansion of (32) at

the first order in ¢ is

XK (3) I Quup = —0RurpoRY BHER IR X, IXBWUFRAEZ RIRIINIEFI I, WTFX
g, EMSBAENIEER, X (32) 1 e —BidtRIT A S

£ (6T0®) G = oRDpoRY ™ + GR6 RS (33)

(0)
aBuvy

= 0, and in fact the Riemann tensor can be nonzero at order ¢, as it is for gravitational

which implies GEB = 0and Rﬁﬂ = 0, since R

@
afuv

waves. At order 2 we get

= 0 by construction. However, there is no reason to

expect that R

XA GY) = 0 FIRY) = 0, B R EE RO) =0, &, BANEHEHLHRY =0

oy appuy

AL, SKER ERRESKEAE ¢ Bia] DAEEE, 51BN 1E & B 152

£ (600®) G2 = oR PR ™ + oR DR ™ + oRG 0o RO

= oRWoRY™, (34)

1) Rgl)fpcr

which does not imply Gﬁfﬂ = 0 because of the term Ry7p0 # 0. Thus, one does not get Equation

(28), and nothing can be said about the evolution of h, in the case of Equation (34). In conclusion, our
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argument is valid only if the Riemann tensor enters in V' (R) and Q,,,,, only through the Ricci scalar and Ricci

curvature.

X R RS ™ # 0 HARHEE G = 0, FILIRATTEEEFIR (28), HWBTLIENR (34) 15
FET hy, BRI, 25 1, FRATANCIEAEER & 5K & (s By b 2 A B Ay dh R
V(R) 5 Qv AL,

Generalization to Ricci-Flat and Maximally Symmetric Solutions

B B A P 5 OO PR

The results discussed in the previous sections on the stability of Minkowski spacetime in nonlocal gravity
can be generalized to maximally symmetric and Ricci-flat spacetimes, that is, vacuum solutions of the Einstein
equations with and without a cosmological constant A . In fact, a class of nonlocal gravitational theories can
be built in such a way that it encompasses all the Ricci-flat and maximally symmetric solutions of general
relativity. Moreover, the dynamics of the small perturbations of such solutions is the same as in Einstein
gravity, indeed they are as stable as in general relativity. We will discuss these results, remanding the reader

to Reference [9] for all the details.

BT L IS AR R385 | ) H ] ERI 2SR E MESE IR, AT DAHES RIS RN 23 55 B A7 P 3H I 23,
BV AN FHEH BN ZRH A RES®E A . BL L, XBRAERIEG | 8IE AT DAY & B
7 SCHEIB TR B AT IR SO FRIERTE R, BRah, XEMRR/NMLEIsh 1% 5 Z HEE S | 1158
23, HRRE AT SRR, BATERINISX SR, A TIERES%H
SR [9]6

A class of theories that is compatible with unitarity and renormalizability at quantum level and is suitable

for our purposes is obtained generalizing (1) as
N RBAIFTR, —MERFREEWE X EE AT EREIEREICZE, rTPOEEH (1) 152, #
VTN

5= [T (- Yoo 5+ v

where we have defined the tensor E,,,,

HAR AT S T 3R B,

Eu = Gy + Mgy (36)

and its trace E = g*YE,,,, . The operator A, is the Lichnerowicz operator, which, acting on a rank-2

symmetric tensor, gives

PINERNE E = g*VE,, » BIF Ay BRAEERERF, EEREMFoKkE E5E
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ANXyy = 2R 1 X7 + (Ryg — A8uo) X%y

+ (Rav - Agav)XGu - DX,L(U‘ (37)

Also, the definition of the form factor in (2) is replaced by

AR, (2) IR -8 SOE Bl

fl-o(Aa+4N)] -1
—(Ap +4A) ’
which ensures the quantum unitarity of the theory, provided that f (z) is an entire function without zeros

y(Ap) = (38)

at finite z . Moreover, the generalized potential V' (E) , is at least cubic in E,,, and E .

VUBE £ (7) RAEAIR 2 AR B AR Y, ORI BT & (R, BES1, 1SV (B)
15 B, FI E DR EINN,

We can generalize the stability Theorem 2 for the class of nonlocal gravitational models (35), stating the

following:
BATAT PLRAE SR 5 | 7Y (35) RUFREMEERE 2 ) N R E5ie:

Theorem 3. Ricci-flat (A = 0) and maximally symmetric (A # 0) spacetimes are vacuum solutions of
the nonlocal gravity (35). Moreover, the small perturbations of these solutions satisfy the same equations of
motion as in general relativity. Then, if a Ricci-flat or maximally symmetric solution is stable in Einstein

gravity, it is also stable in the nonlocal model (35).

B 3. BEFTHE (A = 0) NS S5HRAIFR (A # 0) W22 2AEREE 171 (35) EZ R, AL, XLEfE
R/ NS AN SCRE AR EIZsh 7. A, 35— DB A PHEEMOOS PR EAE 2 RTES |
HHEREER, BAEEIRRBREE (35) F2REr,

Let us give a sketch of the proof of this theorem. The equations of motion resulting from the variation of
the action (35) are

DHEBAS HZEHEAEE ., MERE 35) B GRIRssiiEN

f [_0 (AA + 4A)] E;w + (g,uvvavﬁ - goc,uvﬁvv) Y(AA) Eaﬁ + Qz;w (E)

= 876\ Ty (39)

where Q,,, (E) includes all the terms at least quadratic in E,, and E . Let us consider a Ricci-flat or

maximally symmetric spacetime gﬁfg , such that

H Qupp (B) S T HVETE Eyy A E FPE/D IR, Fefl 155 18— A AR FRI 22 glo)
, W
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where G ) is the Einstein tensor constructed with the metric g . The case of Ricci-flat solutions corre-
sponds to A = 0, while maximally symmetric solutions have A # 0. From (40) it is evident that the metric

tensors gW , for which E,, =0, are exact vacuum solutions of (39).

Hr GO RHEM gio) MENEFATHK R, EAFEBXN A =0, MfARKFRERE A 0.
M@mTu%mE&,ME , = 0 FEERAK i glo) J2 (39) ARG L5 R

Thus, we can study the dynamics of the small perturbations of g% . We consider perturbations around

the background gw, , expanding the metric tensor g, in powers of a small parameter ¢ < 1 as

I, BATATLABISE gl /MRN8, BATHIEL 5 gl BHEMREH, BEMKE g, N2
He<1BIFH

o0
8uv = Z Enh/(ﬁ)): h,g)v) = g% (41)
n=0

By means of (41), we can expand all the relevant quantities in powers of ¢ . For instance, for the Einstein
tensor and the tensor E,;, one has

A (a1), BRI AR AT AR ER AL ¢ WOURIT. Bldn, X EZASBHKEMKE E,, &

[s9)
Guo (guw) = . €"Gii, With Gigp = —Agid,
(42)

(o]
By (8u) = Z e" %) = El(&ov) =

Moreover, with some algebra, and setting Ty, = 0, equation (39) can be recast in the form

B, S RBEEEDFL T, = 0 )5, 77 (39) A A A M

fl=0(Ap +4M)]Ey, + O(E?) =0. (43)

where f [—o (Ap + 4A)] is an invertible operator.
HA -0 (Ap +4N)] BATFER,

At this point, and in the spirit of the proof of Theorem 2, one can replace the second of the equations (42)
in (43) and find a recursive relation for the coefficients E;(ﬁ,) which implies that, if E,(tov) =0, then EI%) = 0 for

any n . That means that, the tensor E,,, must be zero at any perturbative order in ¢, which implies that
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i, AT 2 AUIEREES, TR A (43) FRIGTTRE (42) B3 AN TREEEI, 193RI ER I
HEXR, BRRRI:H B =0, NXMER n 86 EQ = 0 ROL, IXFEKE, Kk E,, 15 ¢ (T
ERELHTER AN Z, HIEATR

Eu (8uv) = Gy + Aguy = 0. (44)

Equation (44), together with Equation (39), implies that, if the perturbed metric (41) is a solution of the
nonlocal equations of motion (39) in vacuum, it is also a solution of the Einstein equations in vacuum, and
vice versa. That means that the dynamics of the small perturbations h,, in nonlocal gravity is the same as
in general relativity. Indeed, a vacuum solution of the theory (35) is stable, if it is a stable solution of general

relativity. This proves Theorem 3.

Tit8 (44) 57712 (39) HFRWA: HZIEM (41) BEZFIEREIZENT71E 39) R, TAE bR
R EREUE RN, kIR, RUBHARRERS ML by, BI8h1°2 5 XS IRH
MsEe—8, FL Lk, Bt 3s) WEZME N SHXNIEFIRER, A EARSRRER, M
IHE5ERR T E B 3 HYUERA,

For completeness, we mention that first results on the stability of black hole solutions in nonlocal gravity
have been obtained in [10]. However, such studies considered only the linear stability, while Theorem 3 is
valid at any perturbative order. We also mention that this class of stability theorems can be extended to the case
of a nonlocal theory in presence of matter fields. This result has been obtained in [11] and will be discussed
elsewhere in this book.

HMsEEiE W, BAHEN: AERERS 71 A B ASE MR E MR EE SRR [10] 18I, AILIXSEHT
FAUFIE TEMERENE, T 3 EERMPUNERAL, BATETEH, XA e B a] DAE 2]
FAEYBIARAEREFEICE, ZEEREAE SR [11] F1FEI, AFRAEHEMER X BT,
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